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An Elastic Network Model Based on the Structure of the Red Blood Cell
Membrane Skeleton
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*Department of Bioengineering, *Division of Mechanical Engineering, Department of Applied Mechanics and Engineering Science,
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ABSTRACT A finite element network model has been developed to predict the macroscopic elastic shear modulus and the
area expansion modulus of the red blood cell (RBC) membrane skeleton on the basis of its microstructure. The topological
organization of connections between spectrin molecules is represented by the edges of a random Delaunay triangulation, and
the elasticity of an individual spectrin molecule is represented by the spring constant, K, for a linear spring element. The model
network is subjected to deformations by prescribing nodal displacements on the boundary. The positions of internal nodes
are computed by the finite element program. The average response of the network is used to compute the shear modulus (u)
and area expansion modulus (k) for the corresponding effective continuum. For networks with a moderate degree of
randomness, this model predicts u/K = 0.45 and /K = 0.90 in small deformations. These results are consistent with previous
computational models and experimental estimates of the ratio u/k. This model also predicts that the elastic moduli vary by
20% or more in networks with varying degrees of randomness. In large deformations, p. increases as a cubic function of the

extension ratio A,, with wW/K = 0.62 when A, = 1.5.

INTRODUCTION

The mechanical properties of biological materials originate
in structures that are assembled, controlled, and disassem-
bled by cellular- and molecular-level processes. An under-
standing of the influence of these microstructures on mac-
roscopic mechanical behavior is useful for the elucidation of
the molecular basis of cell function in health and disease. (In
this context, “macroscopic” refers to a length scale for
which the mechanical contributions of discrete features
within a material may be averaged and replaced by an
equivalent continuum representation.) Continuum constitu-
tive laws can be used to describe the macroscopic mechan-
ical properties of such materials, but models that explicitly
incorporate molecular structure are essential when relating
macroscopic properties to discrete microscale features
within a material. For most biological materials, the struc-
tural organization of molecular components is extremely
complex, making it difficult to establish quantitative rela-
tionships between microstructure and mechanical function.
The objective of our work is to explore this relationship in
one type of biological microstructure: the red blood cell
(RBC) membrane skeleton.

The RBC membrane skeleton is a flexible protein mesh-
work, composed mainly of spectrin, which reinforces the
cytoplasmic face of the RBC membrane. The elasticity of
the skeleton enables normal RBCs to undergo large exten-
sional deformations while maintaining the structural integ-
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rity of the membrane. The general organization of the RBC
membrane skeleton has been well characterized. The major
protein components have been identified and sequenced, the
interactions among these proteins have been studied, the
membrane skeleton has been visualized with electron mi-
croscopy (EM) and atomic force microscopy (AFM), the
mechanical properties of the membrane have been deter-
mined experimentally, and the membrane has been modeled
as a continuum for purposes of mechanical engineering
analysis.

Mature human RBCs lack nuclei and transcellular fila-
ments, so the deformability of a RBC is a result of three
factors (Chien, 1977): the ratio of membrane surface area to
cell volume, the viscosity of the cytoplasm, and the deform-
ability of the membrane. Membrane deformability may be
characterized by three elastic parameters: the area expan-
sion (bulk) modulus, k,; the shear modulus, p,,; and the
bending stiffness, B, (see e.g., Evans and Skalak, 1980).
The lipid bilayer strongly resists changes in area and there-
fore dominates the behavior of the membrane in both iso-
tropic expansion and bending (Mohandas and Evans, 1994).
The resistance of the red cell membrane to shear deforma-
tions is primarily attributable to the elasticity of the under-
lying skeleton (Evans, 1973; Mohandas et al., 1983). Both
the shear modulus of the skeleton, u, and the area expansion
modulus of the skeleton, «, affect the overall shear modulus
of the membrane, u,, as measured by micropipette aspira-
tion (Mohandas and Evans, 1994). Therefore, efforts to
correlate mechanical properties with discrete structural fea-
tures of the membrane have been focused on the elasticity of
the skeleton.

The influence of skeletal microstructure on membrane
mechanics has been documented by the significant changes
in the membrane shear modulus that occur in genetic (e.g.,
Palek and Jarolim, 1993) and physiochemical (e.g., Deu-
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ticke et al., 1990) alterations of the RBC membrane skele-
ton. Although it is evident that there is a link between
skeletal microstructure and membrane macroscopic proper-
ties, this relationship can only be explored explicitly by
using mechanical models that are based on this microstruc-
ture. Because there is a substantial body of information
available for the RBC membrane skeleton, it is possible to
formulate and test a theory that describes the role of mem-
brane microstructure in mechanical function.

THE RBC MEMBRANE SKELETON

The major proteins of the RBC membrane skeleton include
spectrin, actin, protein 4.1, ankyrin, and the anion channel
(band 3) (e.g., Shen, 1989; Chien and Sung, 1990; Bennett
and Gilligan, 1993). A schematic drawing of the interac-
tions among these proteins is shown in Fig. 1. The primary
structural component of the RBC skeleton is spectrin, a
highly extensible elastic molecule. A spectrin heterodimer
is composed of one a subunit and one B subunit, which
form an antiparallel pair of intertwined strands (Shen,
1989). Each strand is a triple-coiled coil of interlocking «
helices and contains 18 to 20 homologous, nonidentical
repeats of a 106-residue amino acid sequence (Speicher and
Marchesi, 1984; Parry et al., 1992; Yan et al., 1993). The
head ends of spectrin dimers (SpD) can self-associate to
form tetramers (SpT), hexamers (SpH), and higher order
oligomers, which coexist in a state of thermodynamic equi-
librium (Ungewickell and Gratzer, 1978; Ralston, 1991).
The relative proportions of the oligomeric forms of spectrin
have been measured by biochemical analysis of spectrin
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FIGURE 1 Arrangement of the major components of the RBC mem-
brane skeleton. ’

Elastic Network Model of RBC Skeleton 147

membrane extracts (Liu et al., 1984), EM of fully spread,
negatively stained skeletons (Liu et al., 1987), and EM of
intact skeletons prepared by a quick-freeze, deep-etch, ro-
tary replication (QFDERR) procedure (Ursitti et al., 1991;
Ursitti and Wade, 1993; Ohno et al., 1994). Although EM
images of fully spread skeletons seem to contain a very high
fraction of tetramers with only 11% hexamers, the other
methods mentioned above detect 14—40% hexamers, sug-
gesting that higher-order oligomers may be disrupted by the
process of spreading and negative staining (Ursitti and
Wade, 1993). Recently, AFM has been used to visualize the
cytoplasmic face of the RBC membrane (Miyamoto et al.,
1993; Mikrut and MacDonald, 1994). These images are also
suggestive of a relatively large fraction of hexamers in the
native RBC membrane skeleton. Observations are expected
to represent physiological conditions more closely when the
skeleton remains attached to the lipid bilayer, as is the case
for the QFDERR and AFM techniques.

At the end of the dimer opposite to that which is involved
in spectrin self-association, spectrin binds to a junctional
complex composed primarily of actin and protein 4.1 (see
e.g., Gilligan and Bennett, 1993). Each junctional complex
contains a single actin filament composed of ~12-13
monomers, which is believed to be constrained to this length
by the actions of tropomyosin and tropomodulin (Ursitti and
Fowler, 1994). Spectrin-actin interactions are considerably
strengthened by the presence of protein 4.1 (Fowler and
Taylor, 1980; Ohanian et al., 1984). The stoichiometry of
spectrin and actin in junctional complexes is variable, with
as few as three or as many as eight spectrin molecules
joined to a single actin filament. The average number of
spectrin molecules per junctional complex (Sp/JC) is be-
tween five and six in spread, negatively stained skeletons
(Byers and Branton, 1985; Liu et al., 1987; Ursitti and
Wade, 1993) and between four and five in skeletons pre-
pared by the QFDERR technique (Ursitti and Wade, 1993).

Band 3 is a transmembrane protein that serves as a major
site of skeletal attachment to the lipid bilayer. The flexible
cytoplasmic domain of band 3 binds to ankyrin, which in
turn binds to B-spectrin in a specific region near the site of
spectrin self-association. Ankyrin-band 3 junctions are not
essential to the topological organization of the RBC mem-
brane skeleton because lipid-extracted skeletons that have
been stripped of accessory proteins and therefore do not
contain these complexes retain the characteristic RBC skel-
etal geometry (Shen et al., 1986).

Conceptual models of the RBC membrane skeleton have
been proposed by several investigators (Chasis and Mohan-
das, 1986; Shen, 1989; Ursitti and Wade, 1993; Nash and
Gratzer, 1993; Mohandas and Evans, 1994). The consensus
view is that the fundamental structural basis of RBC mem-
brane elasticity is the reversible extension of spectrin mol-
ecules (Fig. 2). Spectrin is known to be an extensible
molecule and has been visualized in configurations that
span a range of lengths both in purified form and when
bound to the RBC membrane skeleton (McGough and Jo-
sephs, 1990; Shen et al., 1986). In electron micrographs of
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FIGURE 2 Conceptual model for deformation of the RBC membrane
skeleton. Spectrin molecules become elongated in the direction of exten-
sion, but connections within the network are not altered.

asymmetrically stretched skeletons, the longest spectrin fil-
aments tend to be aligned in the direction of extension (Liu
et al,, 1990; Liu et al., 1993). These observations support a
model of skeletal deformation in which connections be-
tween spectrin molecules are relatively stable. Therefore, it
is expected that the elasticity of the RBC membrane skele-
ton is primarily determined by the intrinsic elasticity of
spectrin and the topology of the skeleton, meaning the
organization of connections between spectrin molecules.

Previously, several quantitative models of the RBC mem-
brane have been proposed that predict the contribution of
the skeleton to gel-like elasticity (Stokke et al., 1986; Koz-
lov and Markin, 1987; Boal, 1994), diffusion of proteins
within the membrane (Saxton, 1990), fracture behavior
when spectrin links are broken (Grimson, 1993), relative
motion of the skeleton and lipid bilayer during micropipette
aspiration (Gaydos, 1994), and heterogeneity of skeletal
density in axisymmetric deformations (Mohandas and
Evans, 1994). Recently, Boal (1994) predicted several elas-
tic parameters for the RBC membrane skeleton by assuming
an entirely entropic origin for spectrin elasticity and con-
structing a network in which exactly six spectrin tetramers
are joined at each actin junction. Each of these previous
approaches toward modeling the contribution of skeletal
structure to membrane mechanics applies to specific struc-
tural assumptions for skeletal topology and spectrin
elasticity.

We have developed a computational model that is capa-
ble of incorporating a wide range of structural assumptions
for the RBC membrane skeleton. One advantage of this
model is the ability to include new information as more
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precise measurements become available for the topology of
the native skeleton and the elasticity of spectrin. Secondly,
significant variations in network topology (and possibly
spectrin elasticity) are expected to be present among popu-
lations of normal and abnormal RBCs, thus affecting their
mechanical behavior. By considering a range of structural
assumptions, the model can be used to quantify the contri-
butions of specific skeletal features to macroscopic mechan-
ical properties. Here we discuss the implementation of the
model for several choices of network topology and spectrin
elasticity.

THE MODEL

The model presented here uses microstructural information
about the RBC membrane skeleton as input, and the shear
modulus () and area expansion modulus () of the skeleton
are predicted as output. The model incorporates two essen-
tial features of the membrane skeleton: the topology of the
skeleton and the elasticity of individual spectrin molecules.
These features are represented mathematically in a two-
dimensional finite element model in which spring-like ele-
ments correspond to spectrin, and nodes correspond to pro-
tein junctions in the RBC membrane skeleton. The model is
versatile in the sense that a wide range of assumptions for
network topology and spectrin elasticity may be considered,
these two parameters may be varied independently of one
another, and other structural features may be added, if
needed.

After a network has been constructed with the desired
topology and element elasticity, a representative sample
region of the network is selected, and its mechanical prop-
erties are computed by finite element analysis. Deforma-
tions are imposed by prescribing the displacements for all
nodes on the boundary of the sample region. The equilib-
rium configuration is computed for each deformed state,
generating stresses and strains for each element, and the
magnitude of any reaction forces that are present on the
boundary nodes. Then the elastic moduli are computed for
the corresponding effective continuum, using an appropriate
constitutive law and the average response of the model
network.

The computational procedures used in this model can be
adapted for a wide variety of purposes. With minor modi-
fications, this method may be used to simulate several types
of mechanical phenomena, including elastic, viscoelastic,
and plastic deformations of two-dimensional or three-di-
mensional materials. Several investigators have used similar
methods to model the mechanical properties of other mate-
rials with random microstructures, including the fracture
behavior of a two-dimensional lattice of springs (Beale and
Srolovitz, 1988; Curtin and Scher, 1990), linear elasticity of
planar random triangular networks (Ostoja-Starzewski and
Wang, 1989, 1990), and the mechanics of granular (Satake,
1985) and fibrous materials (Arbabi and Sahimi, 1993). The
present model is of the same type but is tailored to describe
the RBC skeleton.



Hansen et al.

Representation of skeletal network topology

The topology of the RBC membrane skeleton can be char-
acterized by the relative proportions of spectrin tetramers
and hexamers, the average number of spectrin molecules per
actin junction, and the distribution of dimer lengths. To
develop a realistic model of skeletal topology, networks
must be constructed by a method that makes it possible to
control these features. A simple approach toward modeling
the topology of the RBC membrane skeleton would be to
extract all node and element positions directly from EM or
AFM images of this structure. However, this method is
limited by several factors, including the number of samples
available, the size of the skeletal region visible in each
image, and difficulties associated with identifying protein
junctions in images of unstretched skeletons. Alternatively,
a mathematical approach may be used to synthesize net-
works that replicate the known features of the skeleton.
First, visualization data are used to obtain values for topo-
logical parameters such as the number of spectrin molecules
per actin junction. Then, random networks with equivalent
topologies are constructed mathematically. (Two networks
with distinct node and element positions are considered to
have equivalent topologies if they have the same topological
parameters.) This method makes it possible to generate a
number of networks of arbitrary size that are equivalent to
a given topological configuration. Model networks may also
be created for hypothetical topologies, for which images are
not available, to study the sensitivity of p and k to param-
eter variations.

In this work, networks are synthesized by a Delaunay
triangulation, as described in the Appendix. Nodes are as-
signed positions in a random fashion, and then edges are
inserted systematically to create a network of triangles.
Each edge in a Delaunay triangulation is considered to
represent a spectrin tetramer, and each node corresponds to
an actin junction. This type of network resembles a skeleton
composed entirely of spectrin tetramers, with an average of
six tetramers per actin junction. In the future, other topol-
ogies may be obtained by modifying the Delaunay triangu-
lation. For example, spectrin hexamers may be added to this
network by inserting Y-shaped sets of elements between the
three vertices of any triangle. Using a combination of edge
insertion and removal algorithms, the number of tetramers
and hexamers as well as the average number of spectrin per
actin junction may be adjusted. This approach makes it
possible to construct networks that represent skeletons com-
posed entirely of tetramers, entirely of hexamers, or any
intermediate combination, and that span a range of spectrin
densities as well. Furthermore, the average number of spec-
trin molecules per actin can be varied from as few as 3 to as
many as 12.

Representation of spectrin elasticity

The contribution of spectrin elasticity to the deformability
of the RBC membrane skeleton is included in the model by
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specifying the physical properties of elements of the net-
work that coincide with the edges of a Delaunay triangula-
tion. They may be modeled by elastic elements, such as
linear or nonlinear central-force springs, or elastic beams.
Nodes are assigned properties that are compatible with the
selected element type. For example, central-force springs
that do not resist bending but do exhibit a finite extensional
stiffness must be joined together by freely rotating “pinned”
joints. Elastic beams may be connected by either pinned or
fixed joints.

Currently there is not enough information to quantify a
precise stress-strain relationship for spectrin or to determine
whether this protein provides significant resistance to bend-
ing or compression. The state of stress of spectrin in the
native skeleton is also unknown. Observations of isolated
skeletons suggest that spectrin may be unstressed (Svoboda
et al., 1992) or may support a moderate degree of tension
(Vertessy and Steck, 1989) in the native RBC membrane
skeleton. As more information becomes available regarding
the physical properties of a single spectrin molecule, it can
be incorporated in this model. Furthermore, this model is
not constrained to either an entropic or an energetic mech-
anism for spectrin elasticity, but it can incorporate both
possibilities as well as intermediate conditions.

METHODS: IMPLEMENTATION OF THE MODEL
FOR A PARTICULAR TYPE OF NETWORK

Here the elastic moduli are computed for a particular choice
of network topology and spectrin elasticity. Specifically, it
is assumed that all of the spectrin in the RBC membrane
skeleton is present in tetrameric form and that an average of
six tetramers are joined at each actin junction. Furthermore,
it is assumed that the force-extension relationship for a
single spectrin tetramer is linear and that spectrin tetramers
form freely rotating connections at actin junctions. The
mechanical properties of this network are computed and
expressed in terms of a constitutive law for an equivalent
two-dimensional isotropic finite elastic solid. Although this
model network may not be an exact representation of the
biological system, its simplicity makes it well suited for
demonstrating our computational procedures in detail. In
the future, the same methods will be used to study networks
with more realistic models for skeletal topology and spec-
trin elasticity.

Creation of networks

The topology of a Delaunay triangulation is characterized
by four parameters: the average junction functionality, ¢;
the standard deviati_on of junction functionality, Ty the
mean edge length, L; and the standard deviation of edge
length, oy . As a result of the inherent geometric properties
of a planar Delaunay triangulation, the value of ¢ is 6.
Therefore, this type of network can be used to model the

topology of the RBC membrane skeleton when it is assumed
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that all spectrin is in tetrameric form, and an average of six
tetramers are joined at each actin junction. For computa-
tional convenience, all networks are converted to a finite
element representation with a common length scale of L =
1. The remaining parameters, o, and gy, are controlled by
the network construction procedures, which are described in
the Appendix. Sets of networks with equivalent topological
statistics but different node and element positions are ob-
tained by varying the seed value for the random number
generator that is used to assign node positions.

Properties of the spectrin elements

The elasticity of spectrin is included in the model by as-
suming that each spectrin molecule behaves as a central-
force spring with a linear force-extension relationship. In
the RBC membrane skeleton, it is expected that each spec-
trin tetramer has the same rest length, L, and the same
intrinsic elasticity, which we approximate with a spring
constant, K. In general, spectrin elasticity may vary with
extension. In a model network with random topology (i.e.,
oy > 0), the lengths of individual elements, L;, will vary.
Clearly, it is impossible to define a planar reference state for
which all elements simultaneously satisfy L; = L, and are
therefore stress-free. Instead, a random network composed
of identical springs (same L, and K) is capable of supporting
a residual stress field. Therefore, a rigorous analysis of this
type of network would require the incorporation of residual
stresses. To simplify the model and to make use of existing
constitutive relations for the RBC membrane, we assume
that all elements are unstressed in the reference configura-
tion of the network.

The properties of the elements of a random network are
defined herein in various ways. For each element i, we
choose K; = K, so that all elements have the same spring
constant (type a). Alternatively, we define K, as a function
of the initial length of the element, L;, so that K; = KL/L,
(type b). Here, K is the mean value of the spring constant
and corresponds to an edge with length L, = L, the mean
edge length. Option b treats elements as if they have the
same cross-sectional area, A, and are composed of material
with the same Young’s modulus, E, so that the quantity
(EA/L) is the same for all elements in the network. When
spring type a is used and truncated elements are generated
by cutting out a region of the network, the spring constants
of truncated elements are altered to reflect their length
before truncation, rather than the length of the remaining
portion. Then X is replaced by K/f;, where f; is the fraction
of the length that is located inside the truncation boundary.
Without this correction, truncated elements would be too
compliant relative to the intact elements in the network.
When spring type b is used, this correction is not needed.

In an equilateral triangular network, L, = L for all ele-
ments, so spring types a and b are equivalent. We introduce
“physical randomness” in such networks as follows: X is
assigned randomly to produce a normal distribution of
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spring constants with mean value K and standard deviation
Ok

Imposing a deformation on a sample region of
the network

A finite sample region is selected to represent the structure
and mechanical properties of a network that is assumed to
extend indefinitely. To evaluate the importance of sample
size and edge effects, each sample is subdivided into a “test
region” and a “buffer region”. The test region occupies a
square at the center of the sample and contains N nodes as
well as all elements that join two of these nodes. After a
deformation, nodes and elements within the test region are
used to compute the average principal extension ratios and
the strain energy density for the network. The buffer region
surrounds the test region and extends to the outer boundary
of the network. This region acts as a buffer between the
network boundary and the test region, in the sense that
inhomogeneities introduced by applied forces or displace-
ments at the outer boundary may become more dispersed
before reaching the test region. Two different types of outer
boundaries are considered: a “neighborhood boundary” and
a “truncated boundary.”

A neighborhood boundary is defined by a set of nodes
for which the shortest path to the test region contains a
particular number of elements characterized by the pa-
rameter B,, a non-negative integer (Fig. 3, a-c). A
“node” is a member of neighborhood boundary B, if the
shortest path between that node and the outer edge of the
test region contains B, elements. An “element” belongs
to the B neighborhood if it joins a node of the BY
neighborhood boundary to another node on either the B
or the (B, — 1)™ neighborhood boundary. When a net-
work has no buffer region, its boundary is composed of
the nodes on the outer edge of the test region, and this is
called the B, = 0 neighborhood boundary for the net-
work. The model is used to test for the presence of edge
effects by analyzing a series of samples in which the
same test region is surrounded by buffer regions of
different sizes.

A truncated outer boundary is defined by a square sur-
rounding the test region that truncates elements it crosses
(Fig. 3, d-f). Additional points are introduced as nodes of
the network at each position where an element crosses the
outer boundary. A truncated boundary is considered to be
equivalent to a neighborhood boundary when the ratio of the
number of nodes in the buffer region to the number of nodes
in the test region, Ng/N, is the same in each network. The
number of nodes in the buffer region, Ng, excludes nodes
that are introduced by truncation. For a neighborhood
boundary with some position B,, the equivalent truncated
boundary is characterized by the parameter B,, with B, = B,

A deformation of the model network is described in terms
of the principal extension ratios of an equivalent two-di-
mensional continuum (Fig. 4). For a region with initial
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buffer region

test region

buffer region

test region

FIGURE 3 Defining a network sample region. (a) Neighborhood boundary position B, = 0 contains only the test region. (b) Neighborhood boundary
position B, = 2 contains the test region as well as two surrounding “neighborhoods.” (c) Illustration of the test region and buffer region when a
neighborhood boundary is used. (d) Truncated boundary, with B, = 0 (equivalent to B, = 0). (¢) Truncated boundary with B, = 2. (f) Test region and buffer

region in a truncated network.

dimensions dX; and dX, and deformed dimensions dx; and
dx,, the principal extension ratios are defined as A; =
dx,/dX, and A, = dx,/dX,. In a homogeneous deformation,
A, and A, are constants throughout the part of the material
considered. During isotropic expansion or compression,
A; = A,. When a region of the material undergoes pure
shear at constant area, the extension ratios are related as
A = 1A,

A particular deformation is imposed on the boundary
nodes of the network by prescribing the displacements that
they would undergo in a homogeneous deformation de-
scribed by the principal extension ratios A, and A,. For a
point with initial coordinates (X;,X,), the displacement
components are ¥; = X;(A; — 1) and u, = X,(A, — 1). After
all constraints have been specified for the boundary nodes,
the locations of all internal nodes are computed by the
commercial finite element package ABAQUS (Hibbit,
Karlsson, and Sorensen, RI). In ABAQUS, the coordinates
of all nodes are specified for a desired length scale, and each
element is defined in terms of the nodes at its endpoints.
Springs are modeled by element type “SPRINGA.” The
deformed state of the network is computed using static
analysis, with the “NLGEOM” option active to specify the

(a)

T

dXs

|

—dx; — | dx1 {
(©)
T
dxp
1 .
I dxq |

r

FIGURE 4 Description of a deformation in two dimensions. (@) Unde-
formed network; (b) isotropic expansion (A, = A,); (c) pure shear at
constant area (A, = 1/A;).
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use of nonlinear geometry. In computing the solution, in-
ternal nodes and elements are permitted to move freely
within the plane to achieve equilibrium in the deformed
state.

Computing an average description of
network behavior

Principal extension ratios

Data from the finite element computations are used to
compute the average strain field for nodes in the test region
to verify that the network has experienced the expected
average deformation. The deformed state of the network is
characterized in terms of the components of Green’s strain
tensor, E. This Lagrangian measure of finite strain can be
derived from the changes in the relative positions of a triad
of points (see e.g., Waldman et al., 1985). Because the
networks used in this analysis are composed of triangles, it
is convenient to compute the strain for each individual
triangle and to average the results over all triangles in the
test region.

First, consider a single material line element (Fig. 5), with
initial length As,, where (As,)?> = (AX,)*> + (AX,). In the
deformed configuration, this element has length As, where
(As)* = (Ax,)* + (Ax,)% The change in length may be
expressed as a function of the initial position and the strain
components E,,, E,,, and E,,, assuming these are homoge-
neous within the triangle:

(As)* = (As,)* = 2E(AX)(AX)) = 2E,(AX))? -
+ 4E(AX))(AX,) + 2Ex(AX,)

To determine values for the three unknown strains Ej;, Eq.

1 must be applied to each of the three line elements of a

triangle (Fig. 6). This yields a system of three linear equa-

Undeformed
/ el Bso

-

FIGURE 5 Single material line element undergoing a deformation.
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Undeformed (AXDr (AX1)q
(AX)r
(AXZ)q
(AX2)p
Deformed

Ax
(Ax2)r (&x2)q

(Ax2)p

FIGURE 6 Computing finite strain from the deformation of a triad.

tions in the form [A}{x} = {b}, where

[2(AX %), 4(AX,AX,), 2(AX3,)
[A] = 2(AX12)q 4(AX1AX2)q 2(AX%)q ’
_Z(AXlz)r 4(AXIAX2)1' 2(AX%)r
and )
[(As* — Asd),
(As? — Aﬁ)q ,
[ (As® — Asd),

{b} =

in which the subscripts p, q, and r refer to the three sides of
the triangle. The solution, {x} = {E,,, E|5,, E,,}, is obtained
by Gaussian elimination. The principal components E, and
E, are the eigenvalues of E. The principal extension ratios
A, and A, are related to E, and E, by:

A= QE + 1) A= (E, + 1) 3

Principal components of Cauchy stress

The components of the Cauchy stress tensor, T, are com-
puted from the reaction forces at the boundary nodes. Each
boundary node is associated with reaction force components
F, and F,, relative to the x, and x, axes. Furthermore, a
node is assigned to one of four sides of the network: left,
right, top, and bottom, as indicated by the superscripts /, r,
t, and b, respectively. The same notation is used to describe
the reaction forces on either a truncated boundary (Fig. 7 a)
or a neighborhood type of boundary (Fig. 7 b). In a trun-
cated network, nodes are readily assigned to one of the four
sides of the boundary. However, in a network with a neigh-
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LA FiD
i

= L)——! hottom

FIGURE 7 Identification of reaction force components. (@) Truncated
boundary; (b) neighborhood boundary.

borhood boundary, this choice is more ambiguous because
of the lack of distinct “corners.” For purposes of this anal-
ysis, an ad hoc algorithm is applied. First, each node is
given a set of ranks that describe its position along the x,
and x, axes, relative to the other nodes. For example, the
node with the highest valued x; coordinate would be ranked
first among “right-most” nodes and ranked last among the
“left-most” nodes. Similar lists are also generated for the top
and bottom sides. A node is assigned to a particular side if
it has the highest ranking on the list that corresponds to that
side, relative to its ranks on the other three lists. The length
of the right side, L, is computed from the two nodes on that
side with the maximum and minimum x, coordinates: L, =
ODmax — 3)min- Other side lengths are computed in a
similar fashion. The length of each side is computed and
denoted by L,, L, L,, and L,. Any errors that result from this
somewhat arbitrary procedure diminish as the number of
nodes in the network increases.

In general, the nodal reaction forces on a particular side
of the boundary are not identical. The equivalent Cauchy
stresses are computed as the sum of the reaction forces on a
side, divided by the length of that side in the deformed
configuration. The average stresses on the two opposite
sides of the network are used to compute each of the stress
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FIGURE 8 Components of the Cauchy stress tensor.

components (Fig. 8):
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Although the Cauchy stress in a continuum is a symmetric
tensor, and hence T, and T, are expected to be equal, these
values are computed separately to evaluate the magnitude of
any differences that may be present in this calculation.
When the network is subjected to a homogeneous deforma-
tion that is aligned with the X, and X,, axes, we expect T;, =
T,; = 0, as in a continuum.

Strain energy density

Another measure of the average response of the network is
the strain energy density in the test region. The strain energy
density is computed as the sum, over all elements j in the
test region, of the product of spring force, Fj, and extension
relative to the initial spring length, AL;:

1
\I’=E2FjALj (5)
J

where A, is the area of the test region in the reference
configuration of the network. Elements that lie on the outer
boundary of the network are assumed to contribute half of
their strain energy to the sum in Eq. 5. Finally, we assume
that the strain energy density of the network is equal to the
strain energy of an associated effective continuum, under a
homogeneous strain equal to the average strain of the net-
work (Ostoja-Starzewski and Wang, 1990).

Elastic moduli computed from averaged data

The average response of the network is used to compute the
elastic moduli for the corresponding effective continuum,
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assuming a general two-dimensional constitutive law (Eq.
6) for an isotropic, homogeneous material undergoing finite
elastic deformations (Evans and Skalak, 1980). The princi-
pal Cauchy stresses T, and T, are given as functions of the
principal extension ratios, A, and A,:

BRI AR
1= \a), " T2x \og |

C[(ew\ A -X)few
L= a_aB+ 23 \aB) |

where ¥ is the strain energy density per unit of initial area.
The two deformation parameters that are used in this for-
mulation, « and B, are linearly independent functions of the
principal extension ratios. a represents the fractional area
expansion as @ = A;A, — 1, and B describes the degree of
pure shear in terms of the deformation of a circle into an
ellipse: B = (()\%+)\§)/(2)\1)\2)) — 1. The first term in the
constitutive law corresponds to the stress due to area ex-
pansion, whereas the second represents the stress due to
shear deformation. Although an applicable constitutive law
may also be derived in terms of other measures of stress and
strain, this particular formulation is chosen because it has
been used previously to describe the behavior of the RBC
membrane in micropipette aspiration experiments.

Shear modulus, u

The shear modulus of the skeleton, u, is defined as the
derivative of the strain energy density, ¥, with respect to S,
for a constant value of a.

v
“E(Fﬁ>a 2

Alternatively, the shear modulus may be obtained from the
following expression for the maximum shear stress, T, =
T, — T,|/2:

S . A= Alfe¥ 2
s_ill_TZI— 2)&)\% %a, ®
SO,
=T/ &)
where
A= A7 — A
STO2A 10)

These two definitions for the shear modulus, Egs. 7 and 9,
are equivalent. In general, i may be a function of the degree
of deformation, u = p (a, B). For small strains and defor-
mations in which area is constant, the above definitions of
w reduce to the usual ratio of shear stress to shear strain,
p = T./2e,, where e,=|A?—\2|/4.
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Area expansion modulus, k

The area expansion modulus of the skeleton, , is defined as
the second derivative of the strain energy density with
respect to a, evaluated at a constant value of (3.

v
K= (W) (11)
B

The area expansion modulus may also be derived from the
isotropic tension, T = |T, + T,|/2. Note that

1 (o

T= E(T' +T) = ('a;)ﬁ, (12)
(5a), = (5 @3
da/, da? o

- ()
K=\ B. (14)

It is assumed that (0W/da) = 0 at @ = 0. Then in the
undeformed membrane (a = B = 0), all stresses are zero, as
was also assumed for the element definitions. Note that the
two definitions for k, Eqs. 11 and 14, are equivalent. For
small strains, these definitions reduce to k = T/a.

SO

and hence

Poisson’s ratio, v

Poisson’s ratio, v, is another elastic parameter that is often
used to characterize a two-dimensional isotropic membrane.
Usually, v is defined for small strains ¢, and e,, in which
case v = —e,le;, where T} > 0 and T, = 0. For the case of
large strains, v may be defined in terms of the principal
components of Green’s strain, E; and E,, when the mem-
brane is subjected to uniaxial tension (T; > 0, T, = 0):

-E, —-(A3—1)
E1 B (/\%_ 1)

v= (15)
Poisson’s ratio is related to the shear modulus and the area
expansion modulus as follows (see e.g., Fischer, 1992):

_K—

k 1+
V_K+p.

or [._L_l'—v'

(16)

We compute Poisson’s ratio for the RBC membrane skele-
ton model as a means of testing the consistency of the
computation of u and « in small deformations.

RESULTS

In evaluating the model resuits, several issues concerning
the discrete nature of the networks arise. 1) The discrete
nature of the model introduces mechanical variability
among different networks with equivalent statistical topol-
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ogies. Therefore, rather than drawing any conclusions from
the response of a single network, it is advisable to compute
mean values for elastic moduli, using sets of equivalent
networks. 2) The predicted elastic moduli may be affected
by the number of nodes and elements in a network. 3) The
predicted elastic moduli may be affected by the shape and
position of the network boundary. 4) The topology is only
partially defined by the assumption that an average of six
spectrin tetramers are joined at each actin junction (¢ = 6).
The standard deviation of junction functionality, 04, and the
standard deviation of edge length, oy , may also vary. 5) The
shear modulus is not necessarily constant but may vary with
the degree of deformation.

Elastic moduli have been computed for sets of networks
with sizes ranging from N = 50 (50 nodes in the test region)
to N = 2000. Unless otherwise specified, all networks have
equivalent topologies characterized by ¢ = 6.0, 0.98 <
04 < 1.07,L = 1, and 0.19 < oy < 0.25. Each elastic
element is assumed to be unstressed in the original config-
uration of the network and resists both tension and com-
pression according to the linear spring type a, with K, = 1.0,
or type b, with K; = 1.0/L;, as defined previously.

Computation of u

We begin by computing the shear modulus, u, at @ = 0 and
B = 0, so that the results may be compared with p as
predicted by small deformation theory. As discussed in the
previous section, the shear modulus may be derived from
two equivalent formulas, which we denote by pu, and w,:

_ (oY T
ne(ag) wat m(3)

The values of ¥, B, and A, are based on the behavior of the
test region, whereas T, depends on the reaction forces on the
outer boundary of the network. Because w, and u, are
derived from averages over different parts of the network,
we expect to demonstrate equivalence of w, and w, only
when the test region is sufficiently large and the boundaries
are well defined.

The predicted value of the shear modulus varies with N,
the number of nodes in the test region, as shown in Fig. 9.
The computed shear modulus decreases as N is increased, as
is expected when continuum constitutive coefficients are
derived from a discrete material model using a uniform
strain approximation (Ostoja-Starzewski and Wang, 1990).
The effective shear modulus approaches a steady value as
the size of the sample region becomes large relative to the
size of the discrete features within the material. Of the two
definitions considered, the computed value of w, is more
sensitive to such finite size effects. The amount of scatter
exhibited among equivalent networks also decreases as N
increases.

The shear modulus also varies with the type of boundary
that surrounds the sample network. Recall that the position
of a neighborhood boundary is given by B,, and the position
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FIGURE 9 Shear modulus versus the size of the test region. Neighbor-
hood boundary position B, = 0. Error bars indicate standard deviation for
10 networks. X = 1.0 for all elements.

of a truncated boundary is denoted by B,. In either type of
network, the total number of nodes is Nt. The effect of the
neighborhood boundary position B, on the predicted value
of the shear modulus is shown for both u, and w, (Fig. 10,
a and b) as functions of Ny. Regardless of the size of the test
region, the shear modulus is more strongly affected by Ny
than by B, particularly when the definition for p, is used.
For example, similar results are obtained for networks with
N =100, B, = 2 (average Ny = 194) and N = 200, B, =
0 (¥y = 200). In Fig. 11, plots of w, and w, are superim-
posed for a few values of N, indicating that the agreement
between w, and p, improves as Ny increases. Similar ef-
fects are observed when the position of a truncated bound-
ary is increased, as shown in Fig. 12.

Computation of «

The area expansion modulus may also be computed by two
equivalent formulas, which we denote by «, and k,:

’v dr
K = W and Ky = a (18)

As was the case for the shear modulus, the predicted values
of k; and k, decrease as N is increased (Fig. 13). The
difference between k, and k., is smaller when the test region
is larger, regardless of the type of boundary definition that
is used.

Computation of »

Poisson’s ratio is computed by three methods. Two values
are obtained from the shear modulus and area expansion
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Effect of network randomness on the predicted
values of u and «

Triangular networks may be constructed with a particular
degree of “spatial randomness,” as characterized by the stan-
dard deviation of edge length, oy , and the standard deviation of
the number of edges per node, o, In this context, oy is
normalized relative to a mean edge length of L = 1.

&
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FIGURE 14 Poisson’s ratio versus the size of the test region: v, =
(kp = iy + ) vy = (K — Ky + po); vy = —EYE, (T, >0,
T, = 0). Neighborhood boundary position B, = 0. Error bars indicate
standard deviation for 10 networks. K = 1.0 for all elements.
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The elastic moduli of an equilateral triangular network
composed of linear central-force springs may be predicted
by mean field theory (see e.g., Boal et al., 1993). For small
deformations, the change in energy per unit cell (1 node +
12 of each adjoining element) is computed for pure shear
and for isotropic area change, yielding predictions of . =
(V/3)/4 = 0433 and k = (\V/3)/2 = 0.866 and conse-
quently v = 5. When the computational procedures for our
RBC membrane skeleton model are applied to equilateral
triangular networks, we obtain the mean field values for
and k.

Random networks were constructed to span a range of
values for oy and o, Both o and o, affect network
elasticity, and different combinations of these values may
result in either an increase or a decrease in elastic moduli. It
was reported previously that network stiffness is reduced as
the degree of spatial randomness is increased (Ostoja-Star-
zewski and Wang, 1989). These results are replicated with
our model when the randomness is introduced by two meth-
ods: 1) introduction of disorder to an equilateral triangular
network and 2) specification of a minimum distance that is
maintained between any two nodes in the network (see
Appendix). Over a range of oy, = 0 to 0.5 (Fig. 15 a), and
o4 = 0to 1.4 (Fig. 15 b), the shear modulus decreases by
as much as 50%, and the area expansion modulus decreases
by up to 60% (data not shown). However, when the topol-
ogy is modified through the use of a mechanical relaxation
procedure in which all springs are treated as if they have a
rest length of zero (see Appendix), then the stiffness of the
networks is increased in the more random networks by up to
10%. This apparent contradiction is clarified by considering
the relationship between oy and o, (Fig. 16 a). When
randomness is controlled by introducing disorder in an
equilateral triangular network, o, and o exhibit a nearly
linear relationship. If these networks are then subjected to
mechanical relaxation, oy for a particular network will be
reduced but o, will not change. Pairs of values for oy, and
0, that lie in the upper left region of the contour plot (Fig.
16 b) are associated with an increase in network stiffness.
One possible explanation for this phenomenon is that net-
works with relatively large values for o, tend to contain
more nodes that are connected to only three or four edges.
When the randomness of ¢ and L are independently as-
signed, there is no correlation between the length of an edge
and the functionality of the nodes to which it is connected
(Fig. 17, a and b). However, when network randomness is
modified by mechanical relaxation, a correlation may arise
between ¢ and the lengths of adjacent elements (Fig. 17, ¢
and d). Neighboring edges tend to be shorter than average
when ¢ is less than 6, and longer than average when ¢ is
greater than 6. It is found that networks with such clustering
behavior can exhibit an increase in stiffness relative to
purely random networks.

Another effect of network randomness on elasticity is
illustrated by assigning random spring constants to the
elements of a regular network. The mean spring constant is
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held at K = 1.0, and the standard deviation oy is varied. As
shown in Fig. 18, the resulting decrease in shear modulus is
similar to the effects of varying o by the specification of a
minimum distance constraint D, or by the introduction of

FIGURE 16 (a) Range of values obtained for the normalized standard
deviation of edge length, oy, and the standard deviation of the number of
edges per node, o, by introducing disorder in an equilateral triangular
network. y is decreased in the “relaxed” networks, but o is not changed.
(b) Shear modulus as a function of network randomness. Contour plot of
1 = 8W/ag versus oy and o, N = 1000, B, = 0, K = 1.0. The contours
shown are approximate and are obtained by smoothing plots from one case
of each pair of oy and o, tested.

some degree of disorder, D, in an equilateral triangular
network.

Effect of stretch A, on u

In the previous sections, all elastic moduli are computed for
small deformations and are therefore comparable to the
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results that have been predicted by models based on linear
elastic constitutive formulations. However, the RBC mem-
brane skeleton undergoes large extensional deformations in
vivo, and many techniques that are used to measure the
elastic shear modulus also induce large deformations. Our
modeling procedure, which is applicable to large deforma-
tions, is used to compute the shear modulus as a function of
extension (Fig. 19). As A, increases from 1.0 to 1.5, with
A, = 1/A; to preserve the total area of the network, p
increases from 0.45 to 0.62 (+35%). The shear modulus
varies as a quadratic function of 8 or as a third-order
polynomial function of A,.

Effect of the spring constant definition on
p and kx

The results shown in Figs. 10—17 and Fig. 19 are computed
for networks composed of springs that have the same spring
constant K = 1 (type a). When the spring constants are
assigned according to spring definition type b, where K; =
1/L;, most qualitative aspects of network behavior are not
altered. For example, the agreement between u, and p,, as
well as «; and k,, improves as N increases for any choice of
neighborhood boundary position B, or truncated boundary
position B,. The dependence of the shear modulus on ex-
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ation of edge length, oy, for networks with randomness controlled by
varying Dy, or D,... N = 1000, B, = 0.

tension is also the same for either spring type a or b.
However, the spring constant definition does affect the
influence of network randomness on network elasticity (Fig.
20). Networks with spring constants assigned as K; = 1.0/L;
(type b) are generally stiffer than networks in which K = 1.0
for all elements (type a). The difference in p increases as the
networks become more random and is as large as 20% when
o, = 0.35.

DISCUSSION

The model of the RBC membrane skeleton developed
herein is capable of incorporating a variety of assumptions
for both skeletal topology and spectrin elasticity. The com-
putations demonstrate the implementation of the model for
one particular choice of skeletal topology and spectrin elas-
ticity. The same methods may be used to compute the elastic
moduli for model networks that are based on other assump-
tions for RBC skeletal structure, such as incorporating ele-
ments that posses bending stiffness.

The discrete nature of this model introduces an influ-
ence of finite size effects on the predicted values of w and
k. For a triangular network with a particular degree of
randomness, the predicted values of u and k decrease as
the number of nodes in the network is increased. Among
networks with equivalent topological statistics, the scat-
ter in elastic moduli also decreases as the number of
nodes increases. The most consistent values are com-
puted with the strain energy-based definitions w, and k,
for networks containing at least S00 nodes. For example,
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FIGURE 19 Shear modulus as a function of extension. (@) p versus 3,
(b) p versus A,. Error bars indicate standard deviation for 10 networks,
N=1500,B,=0K=1.0.

p, varies by only 0.1% among networks with 500-2000
nodes in the test region. For this range of N, the predic-
tions of the model are not affected significantly by the
choice of a truncated or neighborhood type of boundary.
For a particular test region, a network with a truncated
boundary (B, = 0) contains many more nodes than a
network with a neighborhood boundary (B, = 0). There-
fore we use networks with neighborhood boundary posi-
tion B, = 0 to minimize processing time.

Most of the values for u and k reported in this paper
correspond to networks in which the linear spring constant
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FIGURE 20 Shear modulus as a function of network randomness. For
spring type a, K = 1.0 for all elements, and for spring type b, K = 1.0/L; for
all elements, where L, is the length of a particular element in the undeformed
configuration of the network. Four methods for controlling network random-
ness are compared: 1) Dy, disorder is introduced to each node of a regular
network; 2) Dy, relaxed, same procedure as 1, followed by mechanical
relaxation of the network; 3) D,,;,, minimum distance constraint; 4) D,
relaxed, same as 3, followed by mechanical relaxation of the network. The
dashed line indicates the value of u = 0.433, which is obtained from mean-
field approximations when K = 1.0. N = 1000, B, = 0.

K is equal to 1.0 for all elements (type a). For networks with
the same topology, other values for u and k are obtained by
specifying some other value for K and maintaining the same
dimensionless ratios w/K and /K. Conversely, given a
measured value for u or k, we can compute the correspond-
ing value for the spring constant K using these dimension-
less ratios.

The micropipette aspiration technique commonly used to
measure the shear modulus of the intact RBC membrane
yields a value of p,, = 6-9 X 10™3 dyn/cm (Chien et al.,
1978; Waugh and Evans, 1979; Hochmuth, 1987). If we
assume that the shear modulus of the membrane is the same
as the shear modulus of the isolated skeleton, p, =~ u, then
the computed ratio of WK = 0.45 predicts K = 1.3-2.0 X
1072 dyn/cm for spectrin as a linear spring.

In actuality, the skeleton does not deform homogeneously
when the RBC membrane undergoes micropipette aspira-
tion, as has been demonstrated by fluorescence microscopy
of antibody-labeled protein components (Discher et al.,
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1994). Although the overall membrane area remains con-
stant, the skeleton moves relative to the lipid bilayer and
undergoes local area dilation and compression. Therefore,
rather than equating the shear modulus of the membrane to
the shear modulus of the skeleton as p,, =~ w, we expect
contributions from both p and « of the skeleton. Mohandas
and Evans (1994) have proposed a serial coupling of these
parameters, as p,, = (ux)/(pu + «). This formula yields an
increase in the predicted value of K for a spectrin element,
as shown in Table 1.

In previous computational models of the RBC membrane
skeleton based on mean-field approximations (Stokke et al.,
1986; Kozlov and Markin, 1987) and small deformation
theory (Boal, 1994), u is implicitly defined as a constant
parameter. Our model, which is applicable to large defor-
mations, predicts that u increases as a cubic function of A,
where A, = 1/A; (Fig. 19). This behavior is reasonable
because the spring elements in the model network are per-
mitted to rotate and become aligned with the direction of
extension. Experimental measurements of the RBC mem-
brane are typically used to compute a constant value for w,,.
However, these data do not exclude the possibility that pu,
varies with A;; in most cases, the uncertainty in p,, is
greater than the 30% change in p that we predict with our
model. If we assume that the measured value of w,, applies
to a deformation at constant area and with an extension ratio
of A; = 1.5 and use our computed value of u = 0.62, then
smaller values for K are predicted (Table 1). This is prob-
ably a more realistic value because local deformations in the
pipette are quite large.

The area expansion modulus of the isolated skeleton, «,
has not been measured because it is several orders of mag-
nitude smaller than the area expansion modulus of the lipid
bilayer component of the membrane, «,,,. However, a ratio
of k/pn = 2.0 has been estimated by comparing continuum
models with the observed distribution of skeletal density
along the length of the aspirated portion of the RBC mem-
brane in micropipette experiments (Mohandas and Evans,
1994). A similar result is obtained by Boal (1994): k/p =
1.7. For an equilateral triangular network composed of
linear central-force springs, mean field approximations
yield a value of k/u = 2.0. These results from diverse
approaches are in the same range as predictions of the

TABLE 1 Predicted values for spectrin elasticity in terms of
a linear spring constant, K, computed for extension ratios

Ay = 1.0 and 1.5, and two different assumptions for the
measured red blood cell membrane shear modulus, u,,

Computed  Computed Assumed
value for value for relation of Range of values
A wK wK M to e and for K, dyn/cm
1.0 0.45 0.90 [T T 1.3—-20x 1072
1.0 0.45 0.90 R = 20-30x%x1072
pel(p + K)
1.5 0.62 0.90 B = 1 097 - 1.5x%x 1072
1.5 0.62 0.90 B = 1.6 —25x 1072
pel(p + )
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models presented herein («/p = 2 for A; = 1.0, ¥/pp = 1.5
for A, = 1.5). Although some changes in «/p may result
from changes in topology or from large deformations, the
general agreement of predictions of the model with the
experimental data suggests that the essential physical prop-
erties of the RBC membrane skeleton are well represented
by a network of springs.

As shown in Figs. 15, 16, and 20, changes in the ran-
domness of the topology of a model network may alter the
predicted value of the shear modulus by 20% or more.
Currently, the degree of randomness in the native RBC
membrane skeleton is unknown. For purposes of testing the
effects of network size (N) and boundary type (B, and B,)
on the predicted values of u and k, we chose to use
networks with a moderate degree of randomness character-
ized by o, = 022 and o, = 1.05. Similar results are
obtained for other degrees of network randomness, although
the degree of scatter among topologically equivalent net-
works generally increases as the network randomness in-
creases. More importantly, these results serve as a means of
demonstrating that elastic moduli are affected by network
randomness. Models based on equilateral triangular net-
works will not necessarily yield the same predictions as
models that make use of random topologies. As more ac-
curate statistical data for RBC skeletal topology are estab-
lished and are incorporated in the model (e.g., changing the

(b)

FIGURE Al (a) A nonempty circumcircle in an arbitrary triangulation;
(b) a Delaunay triangulation obtained by swapping one edge in the arbi-
trary triangulation.
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fractions of spectrin tetramers and hexamers), it is antici-
pated that the effects of topological variations on the shear
modulus will be even more pronounced.

In the future, we also intend to model abnormal RBC
membrane skeletons and compare the predicted elastic mod-
uli with the measured properties of abnormal RBC mem-
branes. Various structural modifications of the skeleton
have been associated with significant changes in the mem-
brane shear modulus u,,. For example, u,, is reduced in
cells with spectrin-deficient skeletons, suggesting that the
density of spectrin is an important structural feature of the
skeleton (Waugh and Agre, 1988). The connectivity of
spectrin molecules within the skeleton also affects mem-
brane deformability in shear, as evidenced by the change in
K., observed for membranes with impaired self-association
(Chabanel et al., 1989). Analysis of abnormal RBCs may
provide clues regarding likely functional roles for specific
structural features of the skeleton.

(a)

(b)

Region where new
points are added

FIGURE A2 (a) Simple network used to initialize the incremental con-
struction of a Delaunay triangulation; (b) detail of center triangle, with
shaded square indicating the region where new points are added. Arcs
correspond to portions of the circumcircles of the outer triangles.
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(b)
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FIGURE A3 Insertion of a new point in a sample region of a valid Delaunay triangulation. (a) The existing triangle that contains the new point (open
circle) is identified. (b) Three edges are inserted between the new point and the vertices of the surrounding triangle. (c) The circumcircle of neighboring
triangle 1 is empty. (d) The circumcircle of neighbor 2 is not empty. (e) The circumcircle of neighbor 3 is not empty. ( f) The edges shared with neighbors

2 and 3 are “swapped” and shown in their new positions as solid lines.

APPENDIX
Construction of a Delaunay triangulation

A Delaunay triangulation is a type of random network that has been used
to model various physical systems (see e.g., Okabe et al., 1992). Given a
set of generating points distributed randomly in a plane, edges may be
inserted between neighboring points to create a network in which each
enclosed region is a triangle. This network is called a Delaunay triangu-
lation if and only if each triangle satisfies the “empty circumcircle crite-
rion.” By definition, the circumcircle of a triangle is “empty” if it does not
enclose any of the other generating points, Fig. Al.

A Delaunay triangulation is described mathematically in terms of the
relative positions of all points, edges, and triangles in the network. Arrays
store the x and y coordinates for all generating points, as well as the starting
point and ending point for each edge in the network. In addition to this
minimal description, arrays are also maintained for each triangle to record

(®)

the indices of its three associated points, edges, and neighboring triangles,
which are listed in counterclockwise order. The organization of this infor-
mation facilitates the network generation procedure significantly.

An incremental method is used to construct a planar Delaunay triangu-
lation from a set of randomly distributed generating points. First, the
program is initialized with a simple network that consists of 6 generating
points, 12 edges, and 7 valid Delaunay triangles (Fig. A2). Additional
points are inserted in a small region within the center triangle so that the
circumcircles of the other six triangles do not contain any of the new
points. Therefore, the same three triangles will remain on the outermost
boundary of the triangulation, and all other triangles will always have three
neighbors, thereby simplifying algorithms that are applied to the network.
The positions of the additional points are obtained from a standard FOR-
TRAN library function that uses a linear congruential algorithm to produce
a pseudo-random sequence of real numbers, which are uniformly distrib-
uted on the interval [0,1).
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FIGURE A4 Controlling network randomness by specification of a minimum distance constraint, D,,;,, during the generation of a Delaunay triangulation.

(@) Dy = 0, 0 = 0.491, 0, = 1.362; (b) Dy, = 0.35, 0y, = 0.401, 0, = 1.198; (¢) Dy

= 0.70, o, = 0.218, g, = 0.851. N = 1000, B, = 0.
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FIGURE A5 Controlling network randomness by introducing disorder in an equilateral triangular network, according to the parameter Dy * (a) Dy;,

0.270, o, = 0.750. N = 1000, B, = 0.

0.50, o, =

0.220, 0, = 0.364; (c) Dy,

0, o, = 0.0, o, = 0.0; (b) Dy, = 0.40, oy,

point and the vertices of the surrounding triangle, Fig. A3 (b). The resulting

Given a valid triangulation and the coordinates of a new point to be
inserted, the first step is to determine which existing triangle contains the
new point, Fig. A3 (a). Then three edges are inserted between the new

network is a triangulation, but the positions of these edges will not

necessarily satisfy the definition of a Delaunay triangulation.
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FIGURE A6 Controlling network randomness by mechanical relaxation of a Delaunay triangulation. (a) Relaxed form of network A2 (a), oy, = 0.336,

1.204; (c) relaxed form of network A2 (c), o, = 0.163, g, = 0.848; (d ) relaxed form

0272, o,

1.365; (b) relaxed form of network A2 (b), oy
of network A3 (a), oy, = 0.0, o4 = 0.0; (e) relaxed form of network A3 (), o = 0.0633, o,

o4 = 0.747. Note the tendency for clustering in (a) and (b).

Op =

0.364; (f) relaxed form of network A3 (¢), oy = 0.133,
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The empty circumcircle criterion is applied to the new network by
testing each triangle relative to the opposite vertex in each of the three
neighboring triangles. For each triangle and associated test point, this test
is performed by computing the determinant of a 4 by 4 matrix. For
example, consider a triangle with vertices p;, p;, and p, in counterclockwise
order, with Cartesian coordinates (x;, y;), (x;, ¥;), and (xy, y,), respectively.
The equation of the circle passing through p;, p;, py is defined by the
equation det H = 0, where H is the following matrix:

lxiyixi2+yi2
Ly 6+
1 X v xf + i
1x yx2+y2

H= (A1)

A point p with coordinates (x, y) lies inside the circle if det H < 0 and
outside the circle if det H > 0. Therefore, the edges of this triangle are
valid parts of a Delaunay triangulation if det H = O for all points p. In Fig.
A3, the circumcircle of neighbor 1 satisfies the empty circumcircle crite-
rion, but the circumcircles of neighbors 2 and 3 are not empty.

If the circumcircle of a triangle does enclose a point belonging to one
of its neighbors, then the shared edge between the test triangle and the
neighboring triangle is swapped to the opposite diagonal of the quadrilat-
eral formed by the two triangles, provided that the quadrilateral is not
re-entrant. Two edges have been swapped in Fig. A3 (f). This process is
repeated until all triangles in the network satisfy the empty circumcircle
criterion. Then the network is a valid Delaunay triangulation, and another
point may be inserted until the desired number of generating points has
been used.

Controlling the randomness of a
Delaunay triangulation

In a planar Delaunay triangulation, each point joins an average of six edges
(¢ = 6). The standard deviation of edge length (o) and the standard
deviation of the number of edges per node (o) are determined by the
positions of the generating points. A Delaunay triangulation may be per-
fectly regular, as is the case for an equilateral triangular network, having
exactly six edges per vertex, with uniform edge lengths. Alternatively, a
highly random distribution of generating points in the plane may produce
a broad distribution of both edge lengths and number of edges per node.

Various techniques may be used to construct a Delaunay triangulation
with a controlled degree of randomness. One common method involves the
specification of a minimum distance, D,;,, which must be maintained
between any two generating points (Fig. A4). A new point is rejected if it
lies within D,;, of previously assigned nodes. This is analogous to placing
a rigid disk with a finite radius (D,;,/2) at each vertex in the triangulation.
When D,;, = 0, the network is considered to be completely random. As
D, increases, the resulting network becomes more regular until a “max-
imum packing configuration” is achieved, which corresponds to a maxi-
mum value for D,;,. Network randomness may also be controlled by
introducing some degree of disorder, D, to each of the points in an
equilateral triangular network (Fig. AS). Random values for the angle
[0,27) and displacement magnitude [0,D;,) are generated for each point.
The Delaunay triangulation is then recomputed for the new set of gener-
ating points.

The randomness of a Delaunay triangulation may also be modified after
the network has been constructed. If each edge is treated as a spring with
some degree of initial tension or compression and the nodes on the outer
boundary are fixed in their original positions, then the internal portion of
the network may be “relaxed” to a state of mechanical equilibrium (Fig.
AG6). The final distribution of edge lengths is a function of both the initial
network topology and the rest length that is defined for each spring. In this
analysis, we assume a rest length of zero whenever a network is subjected
to mechanical relaxation. After mechanical relaxation, there may be
stresses in some or all of the springs. These stresses are neglected when the
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relaxed network is used as the unstressed state of the model network in
further computations.
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